Membrane ultrafiltration (UF) is a pressure driven process allowing for the separation and enrichment of protein solutions and dispersions of nanosized microgel particles. The permeate flux and the near-membrane concentration-polarization (CP) layer in this process is determined by advectivediffusive dispersion transport and the interplay of applied and osmotic transmembrane pressure contributions. The UF performance is thus strongly dependent on the membrane properties, the hydrodynamic structure of the Brownian particles, their direct and hydrodynamic interactions, and the boundary conditions. We present a macroscopic description of cross-flow UF of non-ionic microgels modeled as solvent-permeable spheres. Our filtration model uses well-tested accurate expressions for the concentration-dependent collective diffusion coefficient and viscosity of permeable particle dispersions. We analyze the CP layer properties and the permeate flux at different operating conditions and discuss various filtration process efficiency and cost indicators. Our results show that the proper specification of the concentration-dependent transport coefficients is important for reliable filtration process predictions. We also show that the solvent permeability of microgels is an essential ingredient to the UF modeling. The particle permeability lowers the particle concentration at the membrane surface, thus increasing the permeate flux.
I. INTRODUCTION
Microgels are colloidal dispersions of nano-to microsized visco-elastic gel particles (typically cross-linked polymer networks) that can swell or deswell in a controlled way in response to external stimuli such as temperature, pH value, salinity and particle concentration [1] [2] [3] . The microgel phase behavior is richer than that of classical colloidal hard spheres due to their size variability and viscoelasticity. This makes microgels an ideal model system to study, for example, the effect of intrinsic particle viscoelasticity on fundamental physical processes like crystallization kinetics and glass formation [4] . Microgels are used in a wide range of applications including drug delivery and advanced oil recovery, and for pharmaceutical or cosmetic products [3] [4] [5] .
In the production process of microgels, the reactor effluent consists of a complex mixture of microgels and unreacted polymers dispersed in a solvent. Thus, various separation and concentration steps are necessary. Membrane UF is a suitable method to remove traces of free polymers and to concentrate the sample for later practical applications [4] . UF is a pressure-driven process widely used in commercial large-scale plants by which smaller Brownian particles (like nanosized colloids and proteins) are concentrated and separated from smaller ingredients [6, 7] . Its major advantage is the low energy requirement. UF has been traditionally applied to waste water treatment [8, 9] , fruit juice concentration and clarification [10] , and protein concentration [10] [11] [12] . Inside the human body, UF takes place in Bowman's capsule at the kidneys, where water and other small molecules are separated from blood [13] . * r.roa@fz-juelich.de UF must be distinguished from membrane microfiltration of larger micro-sized particles which are also pressure driven. However, the applied transmembrane pressures are smaller and the permeation fluxes are substantially larger than in UF. Moreover, and different from UF, Brownian motion and transmembrane osmotic pressure are small effects only. Consequently, shearinduced particle diffusion and migration are the leading hydrodynamic mechanisms in microfiltration. For crossflow setup in microchannels, shear-induced migration enhances the back migration away from the membrane, thus reducing the formation of a stagnant cake layer [14] [15] [16] [17] [18] . Brownian particle motion dominates in UF, in contrast to microfiltration, with the local osmotic equilibrium being only weakly perturbed by the pressure driven flow.
The efficiency of UF is influenced by the CP layer, which is the particles-enriched region next to the membrane surface created by advective-diffusive transport [7, 12] . The CP layer formed by mobile particles effectively increases the resistance to solvent transport and the local osmotic pressure, hence reducing the permeate flux.
Membrane fouling is an undesirable irreversible modification of the membrane caused by specific physical and chemical interactions between the membrane and the particles [19] [20] [21] [22] . It gives rise to a stagnant cake layer deposited on the membrane and to the intrusion or clogging of particles inside the membrane pores. Fouling substantially lowers the permeate flux because of the added hydrodynamic resistance and can also change the membrane selectivity. Moreover, the filtration channel becomes constricted by the growth of the cake layer. In order to avoid or reduce fouling effects in large volume concentration processes, UF is often performed in a crossflow setup where, under steady-state conditions, the feed dispersion flow is directed parallel to the membrane with arXiv:1503.06721v1 [cond-mat.soft] 23 Mar 2015 inlet and outlet ports.
For small values of the applied transmembrane pressure (TMP), the permeate flux is found to be proportional to the TMP, while at larger TMP the flux increases sublinearly. Eventually, a limiting flux is reached, insensitive to any further increase in the TMP. Blatt et al. investigated the permeate flux in cross-flow UF using thin-film theory (gel-layer model) under conditions of limiting flux [6] . The thin-film theory has been subsequently improved within a boundary layer approximation by regarding explicitly the CP layer mechanism [23] [24] [25] . In these later works, the concentration dependence of the collective diffusion coefficient and/or the dispersion viscosity was considered using phenomenological expressions for the transport coefficients, with applications to specific systems like BSA proteins, sucrose, and dextran. Another model refinement was obtained by including the osmotic pressure buildup at the membrane surface opposing the influence of the applied TMP [11, 26, 27] .
In addition, numerical solutions of coupled advectiondiffusion, Navier-Stokes, and continuity equations by finite difference methods have been used to analyze CP in cross-flow UF and hence to predict the permeate flux and the particle concentration profile at the membrane surface [28] [29] [30] [31] [32] . In most of these works, the concentrationdependent osmotic pressure, collective diffusion coefficient and dispersion viscosity were taken into account using approximate expressions for the special cases of solvent-impermeable colloidal hard spheres and chargedparticles models describing sucrose, polyvinyl alcohols, and BSA and lactoferrin proteins. Typically employed approximate expressions for the sedimentation coefficient have been the truncated virial expansion result by Batchelor [33] and the cell model result by Happel [34] . The semi-phenomenological expressions by Eilers and Krieger-Dougherty [35] have been used to describe the zero-frequency viscosity of neutral solvent-impermeable hard-sphere dispersions. The inaccuracy of these transport coefficient expressions has its impact in the respective UF model predictions.
Recently, Bouchoux et al. studied dead-end filtration of milk casein micelles [36] . These soft, deformable and solvent-permeable micelles can be regarded to some extent as biological siblings of the synthetic microgels. One of the major issues of their work was to determine the permeability of the dispersion, which was obtained by a combination of osmotic stress and filtration measurements. Different from cross-flow, the dead-end or frontal filtration is an intrinsically non-steady process where the thickness of the immobile cake layer increases during the process.
The present work includes the first comprehensive theoretical study of particle permeability effects in the concentration process of non-ionic microgel dispersions by cross-flow UF. The microgel particles are modeled as solvent-permeable spheres interacting by a hard-core potential. In contrast to previous works, we use accurate analytic expressions for the concentration-dependent collective diffusion coefficient and viscosity of permeable hard-sphere dispersions, which have been well tested against computer simulation results and experimental data on non-ionic PNIPAM microgels [37] [38] [39] [40] [41] . These expressions have been obtained using a hydrodynamic radius model wherein the internal hydrodynamic particle structure is mapped on a hydrodynamic radius parameter for unchanged direct (non-hydrodynamic) interactions. Riest et al. have shown recently that this simple particle model captures quantitatively the static and dynamic properties of non-ionic PNIPAM microgel dispersions in an organic solvent [40, 41] . This description is accurate up to large particle concentrations where the effect of solvent permeability is quite significant. Using a boundary layer analysis of the advective-diffusion transport in the CP layer [23, 24] , we calculate the concentration profile and permeate flux at the membrane for different operation conditions. Our focus is on particle permeability effects using concentration-dependent dispersion properties. Various efficiency and energy cost indicators for the filtration process are introduced and numerically evaluated to check the efficiency and sustainability of the UF filtration process.
The paper is structured as follows: in Sec. II, we describe the macroscopic cross-flow UF model and the similarity solution scheme for the CP boundary layer. We also discuss a transcendental equation that simplifies the problem for constant dispersion transport properties. Under such conditions, this equation leads to upper and lower bounds for the concentration profiles, which can be profitably used for a quick check on unwanted cake formation. The employed analytic expressions for the concentration-dependent collective diffusion coefficient, shear viscosity and osmotic compressibility of permeable Brownian particle dispersions are discussed in Sec. III. Numerical results for the CP profile and the permeate flux are analyzed in Sec. IV regarding their dependence on the TMP, shear rate, feed concentration, particle size, and in particular the particle permeability. The significance of the microgel permeability is assessed by comparison with results for impermeable particles. We also evaluate the UF process in terms of process efficiency and cost indicators. Our conclusions are presented in Sec. V.
II. MACROSCOPIC UF MODEL
A. Cross-flow transport
We consider a homogeneous feed dispersion of nonionic Brownian microgels particles of hard-core radius a dispersed in a Newtonian solvent at volume fraction φ 0 . As illustrated in Fig. 1 , the dispersion is longitudinally and steadily pumped through a hollow cylindrical fiber membrane of length L and inner radius R. Due to an applied (transversal) transmembrane pressure, ∆P , a small fraction of the axially in-flowing solvent permeates the membrane to the outside of the fiber. We consider the membrane to be fully particle retaining. In this so-called inside-out cross-flow UF setup, the particle advection towards the membrane is balanced at steady-state by the diffusive back transport away from the membrane.
A coarse-grained continuum mechanics description can be used for R a where the granular nature of the colloidal Brownian particles, assumed to be monodisperse and neutrally buoyant, and the morphology of the membrane pores are not resolved. The momentum balance of the dispersion-averaged flow is then described by the effective Navier-Stokes equation,
We have used that the dispersion is incompressible on the macroscopic scale, implying that ∇ · v = 0. In Eq. (1), ρ is the constant dispersion mass density and η(φ) is the effective dispersion shear viscosity depending on the particle volume fraction φ = (4π/3) na 3 , with n denoting the mean particle number density. The dispersion-averaged velocity, v(r, t), and pressure, p(r, t), depend on the spatial position, r, and time t. Here, ∇p = ∇p F + ∇Π, wherein p F is the fluid-phase pressure contribution whose gradient adjusts itself such that the flow remains incompressible throughout the dispersion, and Π is the equilibrium osmotic pressure due to the Brownian particulate phase [42] . The third term on the right-hand side of Eq. (1), invoking ∇η and the dyadic tensor gradient ∇v plus its transpose (∇v)
T , originates from the concentration-dependent viscosity, η(φ), in the dispersion viscous stress tensor. This term contributes in an inhomogeneous dispersion region such as the CP layer in UF.
The mass balance (particle conservation) is described by the continuity equation,
where n(r, t) and J(r, t) are the coarse-grained local particle number concentration and advective-diffusive particle flux, respectively. The latter is the sum,
of advection and Brownian diffusion fluxes. Here, D(φ) is the concentration-dependent long-time collective or gradient diffusion coefficient. For non-zero particle concentration and dominantly repulsive interactions, D(φ) is in general larger than the single-particle translational diffusion coefficient, D 0 , with the latter measured at infinite dilution. We note that
is valid for a monodisperse dispersion of electroneutral particles at temperature T , with k B denoting Boltzmann's constant. Thus, the diffusion flux is driven by the gradient in the osmotic pressure Π(φ), which in turn is proportional to the gradient in the particles chemical potential. The transport property K(φ) is the long-time macroscopic sedimentation coefficient. It is defined as the ratio of the mean sedimentation velocity (measured relative to the center of volume rest frame) of a weakly settling homogeneous dispersion of volume fraction φ to the settling velocity of an isolated particle. Substituting the particle flux into Eq. (2) and using the local volume fraction rather than n(r, t), the macroscopic advection-diffusion equation,
is obtained. Analytic expressions for the collective diffusion coefficient, D(φ), and the zero-frequency dispersion viscosity, η(φ), of solvent-permeable Brownian particles are discussed in Sec. III. Eqs. (1)- (5) apply to UF where Brownian particle dispersions are considered under laminar flow conditions for which the single-particle shear Péclet number, P e ȧ γ = τ a D /τγ 0.01, is so small that the system is only slightly perturbed away from thermal equilibrium (linear response regime). Non-Newtonian effects, such as normal stress differences and shear-thinning or thickening, are then absent or negligibly small. Here, τ a D = a 2 /D 0 is the Brownian diffusion time for diffusion across the particle radius and τγ = 1/γ is the shear flow advection time for the characteristic shear rateγ. Assuming fully developed Poiseuille feed flow at the cylindrical fiber entrance, consistent with no-slip hydrodynamic boundary condition at the membrane surface, the characteristic shear rate is [43] 
where ∆p L is the longitudinally applied pressure difference across the fiber of length L, to be distinguished from the TMP, and u m is the inflow dispersion velocity at the fiber center (axis) equal to twice the cross-section averaged velocity u .
In typical microfiltration experiments P e ȧ γ 1 and Brownian diffusion is hence not important. The flowdriven particle transport at larger concentrations is dominated instead by non-equilibrium many-particle hydrodynamic interaction (HI) effects, most notably by anisotropic collective hydrodynamic diffusion and crossstreamlines particle migration. These HI effects must be properly taken into account in the expressions for the coarse-grained particle current and dispersion-averaged stress tensor. The latter includes now normal stress differences, a shear-rate dependent non-equilibrium effective viscosity, and an effective osmotic-type pressure contribution [18, 44] , all depending on the local shear rate in addition to φ. Microfiltration is not treated in this work.
B. Steady-state boundary layer
Cross-flow UF is commonly performed at laminar flow conditions where the Reynolds number associated with cylindrical fiber flow fulfills that Re R = R (u m /ν) 2000. This implies Re a = (a/R)Re R 1 for the particle Reynolds number in terms of the bulk shear rate, guaranteeing that particle inertia is negligible. Moreover, and quite importantly, the permeate velocity is small compared with the longitudinal cross-flow velocity in the bulk of the fiber, v 0 w u m , where v 0 w is the maximal permeate velocity measured for a clean membrane at given TMP using pure solvent as feed. Due to the strong axial advection, and after a short transient [45, 46] , a stationary thin CP layer develops on the membrane surface where diffusive-advective particle transport takes place. The thickness, δ, of the diffuse boundary layer is much smaller than the inner radius, R, of the hollow fiber. This layer is characterized by marked axial concentration gradients. In the bulk region outside the boundary layer, the particles are transported essentially by axial advection with preserved uniform concentration φ 0 and unperturbed flow profile.
The locally planar CP boundary layer is conveniently analyzed using the local Cartesian coordinates shown in longitudinally along the membrane surface and the y-axis with the unit vector e y stretches out radially towards the fiber axis. The steady-state flow velocity in this local frame,
fulfills the incompressibility condition
Using ∂/∂x ∼ 1/L and ∂/∂y ∼ 1/δ with δ L in Eq. (5), the steady-state advection-diffusion equation reduces in the CP layer to
where the axial diffusion flux contribution has been neglected in comparison to the transversal one. A similar analysis largely reduces the effective Navier-Stokes Eq.
(1) in the CP layer to the remaining expression,
describing constant axial dispersion shear stress across the CP layer. The stress is independent of the axial position x and is obtained from the asymptotic matching to the bulk region as [23, 45] 
Note here that the time scale for which steady-state viscous flow has developed is much shorter than the time scale for the development of the steady-state CP layer. This is due to the very large Schmidt number, Sc = ν/D 0 , in colloidal dispersions, given by the ratio of fluid vorticity and particle thermal diffusion coefficients [43, 46] .
The steady-state and positive valued permeate velocity through the uniformly porous membrane with its inner wall at x = 0,
is described in UF using Darcy's law by [43] 
where
is the permeate velocity at zero particle concentration, for a given TMP ∆P > 0. Here, L p = 1/(η 0 R m ) is the hydraulic permeability of the clean membrane, and R m is the associated hydraulic resistance. According to Eq.
(13), the permeate velocity is determined by the difference between TMP and the osmotic pressure, Π(φ w ), at the inner membrane wall. Here,
is the particle volume fraction at the inner membrane surface which increases with increasing distance x from the fiber entrance. In obtaining Eq. (13), we have assumed (i) that the membrane is impermeable to the particles, (ii) zero colloid concentration in the permeate, (iii) stationary, fully developed permeate flow inside the membrane, and (iv) the absence of fouling effects which effectively enlarge the hydraulic resistance above the value R m of a clean membrane. We also neglect the axial pressure drop which in typical UF applications is far smaller than the TMP.
The remaining boundary conditions used in solving Eqs. (8)- (10) are as follows: we use the no-slip boundary condition for the axial velocity component at the membrane surface,
and assume that the particle concentration right at the fiber entrance and distant from the membrane surface matches the bulk (feed) concentration,
Finally, the assumed impermeability of the membrane regarding the colloidal particles is considered using the zero normal particle flux condition,
at the membrane surface. In using this reflecting boundary condition, particle adsorption by the membrane is excluded which adds to fouling. For given dispersion properties D(φ), η(φ), and Π(φ), the non-linear coupled partial differential Eqs. (8)- (10) in conjunction with the boundary conditions in Eqs. (11)- (18) form a two-dimensional boundary value problem. It can be solved only numerically for the searched for CP concentration and velocity profiles φ(x, y) and v(x, y), respectively. The only exception is the limiting case, v 0 w = 0, of an impermeable fiber wall where φ = φ 0 holds uniformly throughout the fiber and the Poiseuille velocity profile extends right up to the membrane wall. The solution of the boundary value problem for v 0 w > 0 is largely simplified using a similarity analysis described in the following.
C. Similarity solution
The similarity solution scheme used in this work follows that by Shen and Probstein for gel polarization [23] .
We account here in addition for the osmotic pressure contribution to UF and give additional insight into the obtained solution.
We first estimate the thickness, δ = δ(x), of the CP layer. To this end, we use that the transverse advection term, v∂φ/∂y, in Eq. (9) is negligible at the outer diffuse edge of this layer in comparison to the axial one, since u m v 0 w and since φ has decayed basically to φ 0 . Right at the membrane surface, however, the axial advection term is zero instead due to the no-slip boundary condition. Using that ∂/∂y ∼ 1/δ, the estimate
is obtained, with D b = D(φ 0 ) denoting the bulk collective diffusion coefficient. Eq. (19) describes an axial growth of the CP layer thickness proportional to
is in UF orders of magnitude larger than one, consistent with the thin boundary layer assumption we have started from.
Eq. (19) implies the existence of a similarity solution, φ(λ), for the CP profile which for each axial position x is a function of the dimensionless similarity variable [23, 24] ,
only with λ ∝ y/x 1/3 . The dispersion incompressibility condition in Eq. (8) and the shear stress Eq. (11) are expressed in terms of λ as
respectively, whereη(φ) = η(φ)/η(φ 0 ) is the reduced viscosity. Dimensionless velocities are introduced accordingly by
where the axial velocity u has been scaled with the fluid velocity,γ δ, at the outer edge of the CP layer, and the transverse velocity v by the velocity D b /δ = δ 2γ /(3x) characteristic of the advection-diffusion balance. The negative sign in the definition of V has been included to make it positive valued. Different from V , the reduced axial velocity U is not a function of λ only. This follows from considering the special case,η = 1, of constant viscosity where u =γy is the solution of Eq. (22) satisfying the no-slip condition at the membrane surface. The corresponding transverse velocity is obtained from the incompressibility condition and Eq. (12) as v(x, y) = −v w (x), being constant across the CP layer for a given x.
The non-dimensional velocity related to U defined as
is, however, an explicit function of λ. Substitution of Eq. (25) into Eq. (22) leads to
which is the non-dimensionalized shear stress equation. The dimensionless incompressibility condition follows from Eqs. (21) and (25) as
Using Eqs. (20), (24), (25) and (27), the advectiondiffusion Eq. (9) is expressed in terms of λ, V and G as
It is noticed here that with φ and V , also G is a function of λ.
In terms of λ, V and G, the boundary conditions in Eqs. (12), (16)- (18) are expressed as
Here, V w = (3x/δ 2γ )v w is the dimensionless permeate velocity, with v w given by Eq. (13) . Using the boundary conditions at λ = 0, Eqs. (26) and (27) are integrated,
with G and V expressed now as functionals of the concentration profile. Eqs. (26)- (28) form a set of coupled nonlinear ordinary differential equations which in combination with the boundary conditions in Eqs. (29)- (32), can be solved numerically for the searched for profile φ(λ) and the reduced velocities G(λ) and V (λ). Since V w in Eq. (13) varies with the axial position along membrane surface, due to the likewise varying osmotic pressure, the set {φ, G, V } must be calculated for each x value separately. We have performed these calculations with MATLAB's routine bvp4c [47] , using analytic expressions for collective diffusion coefficient, effective dispersion viscosity and osmotic pressure presented in the following section.
The general behavior of the concentration profile follows from the integrated Eq. (28),
where the zero flux condition at the membrane wall has been used. In accord with physical expectation, it describes the strictly monotonic compressed exponential decay of φ(η) from the wall value φ w at λ = 0 towards the large-λ bulk value φ 0 where dφ/dλ → 0.
D. Solution for constant viscosity and diffusivity
An additional simplification follows for a concentration-independent reduced viscosityη in the CP layer not necessarily equal to the bulk value of one. In this case, the solutions of Eqs. (26) and 27) are G = λ(1/η − 1) and V = V w , respectively, for all λ ≥ 0. Assuming in addition a constant reduced collective diffusion coefficientD, Eq. (35) can be integrated using Eq. (31), resulting in [24] 
where V w = V w (φ w ). This is a transcendental equation for the membrane wall concentration, φ w (x), at a given axial distance x from the feed inlet. It can be solved using an iteration method. For given osmotic pressure expression, the permeate velocity v w (x) follows then from substituting the solution φ w (x) into Eq. (13). In Sec. IV, Eq. (36) is profitably used to generate a good approximation of the profile φ w (x) for non-constant collective diffusion and viscosity coefficients.
III. PERMEABLE PARTICLES DISPERSIONS
We model non-ionic microgel dispersions generically as dispersions of uniformly solvent-permeable colloidal hard spheres [37] [38] [39] [40] . As shown in a recent theoreticalexperimental work by Riest et al. [40] , this simplifying model provides an excellent description of static and dynamic light scattering data, and hence the pair distribution function and collective diffusion properties, of non-ionic PNiPAM microgels [41] .
A. Osmotic pressure
The Brownian particles accumulated in the CP layer give rise, for P e ȧ γ 1, to an equilibrium osmotic pressure profile Π(φ). According to Eq. (4), the osmotic pressure gradient drives a thermal diffusion current pointing away from the membrane into the bulk. On the other hand, the osmotic pressure at the membrane wall, Π(φ w ), reduces the permeate flux as quantified by Eq. (13) . Since the microgels are modeled as permeable hard spheres, which are characterized statically by the hard-core radius a with associated volume fraction φ, the osmotic pressure in the fluid phase is described to excellent accuracy by the Carnahan-Starling (CS) equation of state [35] ,
is defined as the ratio of osmotic and ideal gas pressures. Eq. (37) applies not only to the fluid-phase branch extending up to the freezing concentration, φ f ≈ 0.494, but decently well also to part of the non-crystalline metastable phase branch from φ f up to the melting volume fraction φ m ≈ 0.545. The CS Z(φ) does not reproduce the osmotic pressure divergence, Π ∼ 1/(φ−φ rcp ), of the metastable non-crystalline phase at the random close packing concentration φ rcp ≈ 0.64 [42, 48] . This divergence is of no concern in this work where stagnant cake layers formed by particle jamming are not considered.
B. Hydrodynamic particle model
The mesh-size averaged flow inside a microgel particle is described in our model by the Brinkman-Debye-Bueche (BDB) equation [49, 50] , wherein the amount of fluid permeability is characterized by the non-dimensional parameter
equal to the inverse of the hydrodynamic penetration depth, κ −1 , in units of the hard-core radius a. The penetration depth is equal to the square root of the Darcy permeability of a microgel particle, and it roughly equals its mean mesh size. Values of χ can vary in principle between χ = ∞, corresponding to an impermeable hard sphere with no-slip surface boundary condition, down to low values characteristic of strongly permeable particles. For the continuum picture underlying the BDB equation to be valid, the mean pore size should be no larger than one tenth of the particle radius (χ 10). Typical values in experimentally studied dispersions are χ ∼ 20 − 40 or larger [40, 51] . Transport properties of permeable particle dispersions such as D and η depend on χ in addition to φ. At infinite dilution, D(χ, φ) reduces to the single-particle translational diffusion coefficient of a permeable sphere,
with the hydrodynamic particle radius, a h , given by [37] 
The hydrodynamic radius becomes equal to a for χ → ∞. It decreases with increasing permeability (decreasing χ) since the viscous drag is reduced when more fluid is allowed to penetrate the particle. For realistic parameter values, χ 10, the particle-fluid interface can be considered as locally flat. The ratio a h /a is then well approximated by the flat interface value
with the error introduced in a h being of order O(1/χ 2 ) small. The flat-interface radius, a h,f , and the associated reduced slip length, L * h,f = 1 − a h,f /a = 1/χ, are independent of the single-particle transport property used for their definition. In other words, the same value for L h,f is obtained regardless whether the translational or rotational single-particle diffusion coefficients or the intrinsic viscosity are used [38, 40] .
As explained in Refs. [38, 40] , diffusion and rheological properties of a large variety of dispersions of spherical colloidal particles of quite different internal hydrodynamic structure and surface boundary conditions, including core-shell particles and particles with Navier slip boundary conditions, can be characterized hydrodynamically in terms of the single hydrodynamic parameter a h . This key observation allows for the usage of the simplifying hydrodynamic radius model wherein the particles are described hydrodynamically as no-slip spheres, characterized by a h derived from a single-particle transport property, for unchanged direct particle interactions. Regarding the considered non-ionic microgels, this means an unchanged direct interaction radius a. The error introduced in using the hydrodynamic radius model for transport coefficient calculations, such as those for D and η is of O (L * h,f ) 2 small [40] . Since Eqs. (40) and (41) describe a one-to-one mapping between χ and the universal parameter a h , the at first sight specific model of uniformly permeable spheres used in this work is in fact quite general.
C. Collective diffusion
For the considered macroscopic length and time scales, collective thermal diffusion or gradient diffusion refer to the relaxation of thermally induced local concentration gradients by the cooperative diffusive motion of Brownian particles which interact both directly and hydrodynamically. The long-time collective diffusion coefficient appearing in Fick's law of macroscopic gradient diffusion of a non-ionic dispersion of monodisperse permeable spheres is given, according to Eq. (4), by
namely by the single-particle diffusion coefficient D 0 (χ) times the ratio of the long-time sedimentation coefficient, K(χ, φ) and the thermodynamic coefficient S(φ). The latter is equal to the zero-scattering wavenumber limit of the static structure factor determined in scattering experiments [52] and to the reduced isothermal osmotic compressibility,
where µ s denotes the chemical potential of the dispersing fluid. An issue not addressed in the UF literature is that the long-time collective diffusion coefficient D, and the associated long-time sedimentation coefficient K, in Eqs. (4) and (42) are smaller than their respective short-time counterparts. This is due to the, at long times, slowing influence of the micro-structural environment, which is perturbed from the equilibrium isotropic state by the sedimenting or collectively diffusing particles [53] . Different from self-diffusion and viscosity, where the respective short-time and long-time transport coefficients are strongly different in concentrated dispersions, the shortand long-time collective diffusion and sedimentation coefficients differ by less than 7 % only, even in concentrated dispersion of no-slip hard spheres where the hydrodynamic interactions are particularly strong [54] . The relative difference in the latter two quantities is of purely hydrodynamic origin and caused by the non-pairwise additive near-distance part of the hydrodynamic particle interactions [55] . We emphasize that the present discussion applies to Brownian particles for low sedimentation Péclet number characteristic of UF. In the large Péclet number regime, micro-structural changes and their effect on the concentration dependence of the sedimentation velocity become highly significant [56] .
In this work, we use the short-time form as a substitute for the long-time K(χ, φ) in Eq. (42) since first, the calculation of the short-time sedimentation coefficient is far simpler and second, precise simulation data are available for the short-time coefficient in its dependence both on φ and χ [37, 39, 40] . The wall concentrations in our UF results are such that φ w < 0.4 so that the long-time coefficients D and K are only slightly overestimated by this substitution. The inset of Fig. 3 shows simulation results for the concentration dependence of the short-time K(χ, φ), for values of the inverse reduced permeability given by χ = 20, 50, 100, and ∞. These values correspond, according to Eq. (41), to reduced hydrodynamic radius a h /a = 0.95, 0.98, 0.99, and 1.
For impermeable no-slip hard spheres, the numerically precise second-order virial (concentration) expansion result,
for the short-time sedimentation coefficient has been obtained by Cichocki et al. [58] . As seen from the inset of Fig. 3 , this expression describes the simulation data [37, 57] 
for the short-time collective diffusion coefficient. This quadratic polynomial describes the weakly monotonic increase of D(φ) with increasing φ astonishingly well even up to φ ≈ 0.5 where the non-sheared dispersion starts to solidify. See here the solid black line in the main part of Fig. 3 . This finding points to a mutual cancellation of higher-order terms in the virial expansions of K and S. The simulation data for D shown in the main part of the figure have been obtained from dividing the simulation data for K by the CS S(φ) obtained from Eqs. (37) and (43) . Previous UF works dealing with impermeable colloidal particles have commonly used either simply a constant D = D 0 , or the semi-empirical expression [30, 60] 
with the exponent α = 6.55 selected to match Batchelor's [33] first-order virial coefficient result (Eq. (44) and the dotted line), or the cell model result for K(φ) by Happel [34] (dashed line in inset) in conjunction with the CS S(φ) as divisor [28] [29] [30] [31] [32] . While Eq. (46) describes the simulation data for impermeable spheres depicted in the inset overall decently well, the decay of K(φ) at larger φ is overestimated to such an extent that, after division by S(φ), the resulting D is decreasing for larger φ, in conflict with simulation data and experimental findings for colloidal hard spheres [59] . Notice here that K(φ) and S(φ) are both monotonically decreasing with increasing φ in a concave-shaped form. Their ratio is thus very sensitive to small changes in both quantities. Using the exponential form for K in Eq. (46), Bhattacharjee et al. [30] combined an approximate long-distance treatment of the hydrodynamic mobilities of two no-slip spheres with the Percus-Yevick solution for the pair distribution function leading to a concentration-dependent exponent α(φ).
While their modified approach predicts the monotonic increase of D(φ) with increasing φ, the increase is significantly overestimated in comparison to the simulation data.
The cell model predictions for K and D (dashed lines) are ruled out since they violate the exact analytic low-φ forms of these quantities noted in Eqs. (44) and (45), respectively. In particular, an infinite negative slope of D(φ) at φ → 0 is predicted by this model. In summarizing the present discussion on collective diffusion of impermeable particles, our conclusion is that Eq. (45) should be used as a good description of the D(φ) of impermeable colloidal hard spheres.
A thorough analysis of the sedimentation coefficient of colloidal dispersions of hard spheres with internal hydrodynamic structure (non-zero permeability) was given in [40] . This article provides an approximate analytic expression for K(γ, φ), where γ = a h /a, describing the simulation data quite well for all φ < 0.5 and γ ≥ 0.8 using Eq. (41). We only quote here the resulting low-φ expression
valid for χ 10, with O(1/χ 2 ) corrections disregarded. It quantifies the initially linear increase of K(χ, φ) at low φ displayed in Fig. 3 , with increasing slope with increasing permeability.
The remaining smaller differences between the analytic expression for K in [40] and the simulation data are enhanced at larger φ after the division by S(φ). In our UF calculations for permeable particles, we therefore use a direct fit of the simulation data for D(χ, φ) [37] in the form of a fifth order polynomial (colored lines).
The simulation data for K and D for a given concentration increase with increasing permeability (decreasing χ). The respective increase is more pronounced for larger χ since the main effect of permeability is to lower the hydrodynamic interactions between the particles. Permeable hard spheres sediment and diffuse collectively faster than impermeable ones for two related reasons: first, the hydrodynamic interactions are weaker and second, D 0 is larger due to a h < a. The sedimentation coefficient decreases with increasing volume fraction owing to an increasing fluid backflow and enhanced hydrodynamic interactions [53, 60] . For a given χ, D increases with increasing φ which reflects that the diminution in K is overcompensated by the diminution in the osmotic compressibility. The monotonic increase of D with increasing φ is characteristic of colloidal hard spheres but not of particles with longer-ranged repulsive interactions or particles having shorter-ranged attractions. For example, in lower-salinity dispersions of charge-stabilized colloids and protein solutions, D behaves non-monotonically, passing through a pronounced maximum with increasing φ [61] .
D. Effective dispersion viscosity
The effective dispersion viscosity, η, in a steadily sheared dispersion is the ratio between the dispersion shear stress and the rate of strain [35] . It depends on the concentration and internal hydrodynamic structure of the Brownian particles and their direct and HIs. Since P e ȧ γ 1 in UF, there are no shear-thinning effects. The zero-frequency low-shear-rate limiting effective viscosity of a permeable particles dispersion is the sum
of the high-frequency viscosity contribution, η ∞ (χ, φ), which is of purely hydrodynamic origin, and the shear relaxation viscosity part, ∆η(χ, φ), originating from the relaxation of the shear-perturbed dynamic particle cages formed around each particle. The viscosity part, ∆η, is influenced both by direct and HIs, with the consequence that, for concentrated dispersions, the long-time viscosity η is substantially larger than the short-time viscosity η ∞ . This distinguishes the viscosity from collective diffusion where the difference between the associated short-time and long-time collective diffusion coefficients stays small. As discussed in Refs. [40] and [42] , the term in brackets in Eq. (48) can be expected to be only weakly influenced by HIs. This suggests the no-HI factorization approximation
where ∆(η)| no−HI is the shear relaxation part without HI, with η ∞ | no−HI being equal to the fluid viscosity η 0 . In this approximation, the hydrodynamic particle structure quantified by χ and the HIs are assumed to affect η only through the factored-out high-frequency viscosity in Eq. (48) . This simplifies the calculation of ∆η considerably. An analytic estimate for the ∆η of colloidal hard spheres without HIs is given by
where g(2a + , φ) = (Z(φ) − 1)/4φ is the contact value of the equilibrium radial-distribution function, and Z(φ) is given for φ < 0.5 by Eq. (37) . This estimate combines the exact quadratic-order low concentration limit of ∆(η)| no−HI with its divergence at the random closed packing volume fraction, φ rcp , constituting the upper concentration limit of the non-crystalline metastable branch of the hard-sphere phase diagram. This divergence is triggered by the divergence of g(2a + , φ) at φ rcp [40, 42] .
The existing high-precision simulation data [38] for the high-frequency viscosity of permeable colloidal hard spheres in the fluid phase region φ < 0.5 are well described by the the generalized Saitô formula [38, 40] ,
with the Saitô functionŜ(χ,
Both the intrinsic viscosity, given by [η](χ) ≈ (5/2) (1 − 3/χ) for χ > 10, and the Huggins coefficient, k h (χ), depend on the particle permeability parameter χ only. Analytic fitting expressions of these two quantities are given in Ref. [40] .
In this work, we use the factorization approximation in Eqs. (48)- (51) as the analytic input forη(χ, φ) = η(χ, φ)/η(χ, φ 0 ) in our UF calculations.
The concentration dependence of η(χ, φ) is plotted in the main part of Fig. 4 together with the associated highfrequency viscosity, η ∞ (χ, φ), shown in the inset. While both viscosities increase with increasing concentration, η is substantially larger than η ∞ for large concentrations, due to the at large φ dominating shear relaxation contribution ∆η. Notice the different scales of the ordinate in the inset and the main figure part.
We consider first the high-frequency viscosity presented in the inset. The simulation data by Abade et al. (open symbols) for permeable hard spheres [38] show that η ∞ decreases with increasing particle permeability (decreasing χ) since viscous dissipation is reduced. The simulation data are quantitatively described by the generalized Saitô formula in Eq. (51) for all considered permeabilities (solid lines in the inset). For comparison, also recent cell model results by Ohshima [65] for the η ∞ of permeable spheres are shown (dashed lines). For impermeable particles, χ = ∞, the cell model prediction reproduces an earlier result by Ruiz-Reina et al. [66] . As it can be noticed from the inset, the cell model method strongly overestimates the high-frequency viscosity at larger φ for all considered permeabilities.
Consider next the concentration dependence of the steady-shear viscosity, η, displayed in the main part of Fig. 4 . The experimental data (filled black symbols, taken from [62, 63] ) and in particular the simulation data (open diamonds, from [64] ) for impermeable hard spheres are overall well represented by the factorization approximation in Eqs. (48)- (50) , and the associated high-frequency viscosity η∞(χ, φ) (inset), for permeable colloidal hard spheres.
•, and 3 are experimental data for η by Segrè et al. [62] , and Weiss et al. [63] , and simulation results by Foss and Brady [64] , respectively, all for χ = ∞. Solid black, red, violet, and blue lines: factorization approximation predictions for η in Eqs. (48)- (51) A slight improvement over this factorization approximation result for η has been discussed by Riest et al. [40] . This improvement, however, does not noticeably change our UF predictions for the CP layer and permeate flux profiles.
Analogous to the corresponding behavior of η ∞ (χ, φ), the steady-shear viscosity η is lowered with increasing permeability due to the weakened HIs. This trend is described by the factorization approximation results for the three considered finite values of χ (differently colored solid lines). To our knowledge, no simulation or experimental zero-frequency viscosity data of permeable particles are available to date for a direct comparison with our theoretical predictions for η(χ, φ).
In previous UF works dealing with hard-sphere-like dispersions [28] [29] [30] [31] [32] , either a concentration-independent value for η or the phenomenological expressions by Eilers or Krieger-Dougherty have been used. The KriegerDougherty expression for the steady-shear viscosity reads [35] 
where the particle permeability enters only via the intrinsic viscosity in the exponent. Here, φ max is the maximal volume fraction at which the expression diverges. In previous UF works [31, 32] , the closed packing fcc crystal value φ cp = √ 2π/6 ≈ 0.74 was used for φ max . According to the dotted line in Fig. 4 valid for χ = ∞, the KriegerDougherty relation for φ max = φ cp strongly underestimates the steady-shear viscosity at large concentrations. This underestimation is less severe if, as suggested by de Kruif et al. [67] for low shear Péclet numbers, φ rcp ≈ 0.64 is used instead of φ cp . The Eilers expression describes a viscosity curve (not shown in the figure) similar to the one representing the Krieger-Dougherty equation.
IV. FILTRATION MODEL RESULTS
We present in this section our boundary layer model results for cross-flow UF of permeable (more generally: hydrodynamically structured) Brownian particles dispersions. The selected system parameters are: membrane length L = 0.5 m, inner radius R = 0.5 mm, hydraulic membrane permeability L p = 0.5−6.7×10 −10 mPa −1 s −1 , and feed particle volume fraction φ 0 = 1.0 − 1.5 × 10
which is small enough that the Einstein expression η ≈ (5/2) (a h /a) 3 φ 0 for permeable particles, with a h /a according to Eq. (40), applies for the feed viscosity. The calculations are performed for the room temperature value T = 293.15 K.
The explored parameters in our calculations are the applied TMP ∆P = 0.3 − 5.0 kPa, particle excluded volume radius a = 10 − 30 nm, and characteristic shear ratė γ = 30 − 130 s −1 , in addition to the inverse permeability parameter χ = 20, 30, 50, 100, and ∞. These are realistic operation conditions for the UF of permeable Brownian particles, which we have selected such that P e ȧ γ 1, with Brownian diffusion dominating shear-induced hydrodynamic diffusion [12] . Moreover, since R L, the boundary layer condition u m /v 0 w 1 and, with Re R ∼ 1, also the condition of laminar pipe flow are fulfilled. The pipe radius R and the feed velocity u m enter only implicitly into the similarity solution scheme for the CP layer through Eq. (6) for the characteristic shear rate. The particle radius a affects the CP layer and permeate flux directly by the factor D 0 (χ) in Eq. (42) . We further note that the selected operating conditions are such that membrane fouling caused by particle jamming is avoided. Fouling is not considered in the present UF study which focuses on particle permeability effects on the CP layer and permeate flux, based on accurate expressions for the concentration and permeability dependent viscosity and collective diffusion coefficient.
A. Concentration-dependent transport properties
Before discussing the influence of the particles permeability on cross-flow filtration, we analyze the effects of the concentration dependence of the transport properties D(φ) and η(φ). For later comparison, we consider in this subsection the limiting case, χ = ∞, of impermeable hard spheres. Figure 5 depicts the CP layer profile at the membrane surface, φ w (x), in its dependence on the reduced axial distance, x/L, from the fiber inlet (Fig. 2) . The main figure part includes results of the similarity solution scheme discussed in Subsec. II C. The black solid line is the result for φ w (x) based on Eq. (45) for D(φ)/D 0 , and Eqs. (48)- (51) for η(φ)/η 0 . It shows the typical UF behavior of φ w (x) at non-fouling conditions, namely its monotonic concave-shaped increase with increasing x caused by the steady-state advective-diffusive mass balance inside the CP layer. An asymptotic analysis based on Eqs. (28) and (13) shows that the surface concentration grows initially as
in the immediate vicinity of the fiber inlet (not resolved on the scale of . Thus, φ w (x) shares the fractional x-dependence of the CP layer thickness δ(x) for very small x/L . As expected, the initial growth of the surface concentration at the inlet is larger for larger TMP and larger membrane permeability L p (larger v In some earlier UF works [24, 30] , the concentration dependence of the collective diffusion coefficient, D(φ), for impermeable particles was accounted approximately, but the dispersion viscosity was treated as constant inside the thin boundary layer, of value equal to the bulk (feed) viscosity η(φ 0 ). It is noticed from the blue dotted line in Fig. 5 , obtained for constant η = η(φ 0 ), that at larger distance from the inlet, the growth of φ w (x) with increasing x is underestimated in comparison to the surface concentration profile for variable viscosity, with the latter increasing for increasing concentration in accord with Fig. 4 . The reason for this is, as quantified in Eq. (22) , that the axial particle transport lowering the CP layer formation is overestimated for a constant η inside the layer taken equal to the minimal feed dispersion value. Commonly, φ 0 1 so that the feed viscosity and collective diffusion coefficient of electrically neutral particle systems are practically equal to the fluid viscosity, η 0 , and single-particle diffusion coefficient, D 0 , respectively (see Figs. 3 and 4) .
In most classical UF models, both D and η are described as being constant [6, [27] [28] [29] 68] and set equal to the feed dispersion or infinite dilution values. The surface concentration profile (red dashed line in Fig. 5 ) for constant D(φ 0 ) and η(φ 0 ) is located in between that for concentration-variable D and η, and for variable D(φ) and constant η = η(φ 0 ) (blue dotted line), respectively, for the reason that the transverse diffusion flux of particles away from the membrane surface is underestimated when the minimal bulk dispersion value D(φ 0 ) is used instead of a concentration-variable D(φ) (see again Fig.  3 ). The main part of Fig. 5 states that the precise modeling of the concentration dependence of D and η is key to a proper identification of operating conditions for which membrane fouling caused by the cake formation of jammed particles can be avoided.
In the inset of Fig. 5 , the similarity solution result for φ w (x) with concentration-dependent D(φ) and η(φ) (black solid line) is compared with two semi-analytic solutions for constant D and η of the transcendental Eq. (36) (colored dashed-dotted lines) . The red dasheddotted line is the result of the transcendental equation for constant D(φ w ) and η(φ 0 ) (largest value of D, given at the membrane surface, and smallest possible viscosity value, given in the bulk). Since the extent of CP layer formation is underestimated in this way, a lower bound for the surface concentration profile with concentrationdependent transport coefficients is obtained. An upper bound follows when the minimal diffusion coefficient D(φ 0 ) and the maximal viscosity η(φ w ) are used as constant input values in Eq. (36) (blue dashed-dotted line) . The strong increase of the blue dashed-dotted line at small x/L is a consequence of approximating η by its maximal membrane surface value η(φ w ) throughout the CP layer.
Sufficiently distant from the inlet, the concentration profile for concentration-variable D and η is well described by the arithmetic average of the two bounding red and blue dashed-dotted lines (black dashed-dotted line). Since the numerical solution of Eq. (36) is fast and stable, the arithmetic average result is convenient for disclosing unwanted operating conditions where cake formation by particle excluded volume solidification takes place.
B. Microgel permeability effects
We proceed by discussing the influence of the particle permeability on the CP layer, φ(x, y), and permeate flux, v w (x), profiles. The results shown in the following have been obtained from the numerical solution of the similarity solution scheme in Subsec. II C. As input, we have used the factorization approximation results for η(χ, φ), described by Eqs. (48)- (51) and pictured in Fig. 4 , and the polynomial fits to the high-precision simulation data of D(χ, φ), depicted in Fig. 3 . Figure 6 shows how the membrane-surface concentration profile, φ w (x), is affected by the particle permeability (χ = 20, 50, and ∞), using two different particle radii a. We recall from Eq. ple, amounts to a hydrodynamic penetration depth equal to the twentieth part of the particle radius. According to Fig. 6 , the membrane surface concentration decreases with increasing permeability (decreasing χ). The reason for this is that for a given concentration D(χ, φ) increases and η(φ) decreases with increasing permeability (see Figs. 3 and 4) . Both effects enlarge the number of particles leaving the CP layer, with φ w being reduced accordingly. The diminution of φ w (x) is most significant at the fiber outlet x = L. We also notice from Fig. 6 a strongly enhanced surface concentration when the particle radius is enlarged from 20 nm (red lines) to 30 nm (black lines). This can be mainly attributed to the particle size dependence of the single-particle diffusion coefficient, D 0 (χ), in Eq. (39), which is proportional to 1/a for constant χ. Recall here the [D(χ, φ 0 )] −2/3 dependence of the coefficient A in Eq. (53), quantifying the surface concentration growth at the inlet.
The transverse microgel concentration profile, φ(x, y), in the CP layer is shown in Fig. 7 as a function of the distance y from the membrane surface, for different reduced axial positions x/L indicated in the figure. As described implicitly by Eq. (35), the transverse profile decays strictly monotonically from the membrane surface value, φ w (x), at y = 0 towards the bulk concentration value, φ 0 , asymptotically reached for y δ(x). Due to the gradual buildup of the CP layer along the fiber, the transverse particle concentration profile is larger for larger axial distance x from the inlet. The effect of particle permeability is to decrease the transverse concentration profile. This decrease is most pronounced at the Results for φ w (x) and the permeate velocity profile, v w (x), along the membrane surface are shown in Figs. 8(a) and (b), respectively, for different combinations of ∆P andγ as indicated, and χ = 20 and ∞ (solid and dashed lines), respectively. The permeate velocity displayed in Fig. 8 decreases monotonically with increasing x, due to the gradually sharpening CP layer structure: the particle concentration φ w increases with the axial distance from the inlet, thus enhancing the osmotic pressure at the membrane surface, Π(φ w ), which in turn, according to Eq. (13), lowers the values of v w (x) for given TMP. Since φ w increases as x 1/3 in the immediate vicinity of the fiber inlet, and since Π(φ w ) ∝ φ w + O(φ 2 w ) near the inlet where φ w ≈ φ 0 1, the permeate velocity decreases as x 1/3 very close to the fiber inlet. According to the black and blue lines in Fig. 8(a) for ∆P = 5 kPa and 3 kPa, respectively, an enlargement of ∆P for fixedγ causes an increase in φ w due to the larger permeation drag experienced by the particles (larger v 0 w in Eq. (14)). Quite interestingly, an increase of the TMP by 2 kPa is overcompensated in the ratio Π(φ w )/∆P in Eq. (13) by the associated enlargement of Π(φ w ), causing a decrease of the relative permeate velocity, v w /v 0 w , for enlarged TMP as depicted in Fig. 8(b) . While the relative permeate velocity is lowered, its absolute value, v w , is still enlarged for enlarged TMP. Different from this, ifγ, and thus the influx of the feed particles, in- creases for fixed ∆P (red and blue lines), the resulting enhanced axial drag gives rise to a smaller values of the membrane surface concentration and associated osmotic surface pressure and hence to a larger absolute permeate velocity. Notice here that δ(x) ∝γ −1/3 according to Eq. (19) .
Figures 8(a) and (b) illustrate, in addition, the influence of the particle permeability: since φ w decreases with increasing permeability, the permeate velocity, v w , at large distances from the inlet is for particles with χ = 20 significantly larger than for impermeable ones (solid versus dashed lines).
Consider next the fiber-length-averaged permeate velocity,
which according to Eq. (13) is related to the fiber-lengthaveraged osmotic surface pressure, Π , and the applied TMP by
The average permeate velocity is more easily accessible experimentally than the local axial velocity distribution v w (x). Results for v w as a function of ∆P are presented in Fig. 9 for differentγ and feed concentrations φ 0 as indicated. For small values of the TMP up to ∆P ≈ 3 kPa, the CP layer and the associated osmotic surface pressure are so weak that v w ≈ v 0 w = L p ∆P is valid. With further increasing TMP, the average permeate flux increases weaker than linearly in ∆P . This is explained in the inset of Fig. 9 which shows the pressure ratio Π /∆P as a function of ∆P . The CP structure development along the membrane surface is such that Π increases more strongly than linearly with increasing ∆P , giving rise to an average permeate velocity smaller than that for pure solvent feed, according to Eq. (13) . Note further that v w decreases with increasing φ 0 since φ w is increased. This effect becomes more significant with increasing ∆P . Moreover, consistent with the observations made in Fig. 8 for the axial permeate velocity distribution, v w increases with increasingγ and with increasing particle permeability (dashed and solid lines).
The absence of a plateau region for v w in Fig. 9 at large TMP indicates that the operation conditions for a limiting flux behavior at large TMP [43] have not been approached. Operating UF under limiting flux conditions reduces the efficiency of the separation process. The discussion of v w as a function of the applied TMP, such as the one in Fig. 9 , is thus also of practical relevance.
An important conclusion of the present subsection is that the particle permeability should be included in the UF modeling of non-ionic microgel dispersions. At large TMP, the permeate velocity (membrane surface concentration) of permeable particles is significantly larger (smaller) than the one of impermeable particles, for otherwise identical system parameters.
C. Efficiency and cost indicators
To assess the performance of a filtration process from different technical-economical viewpoints at given operating conditions, various efficiency and cost indicators can be introduced and evaluated. We discuss in the following several indicators and their inter-relations. These indicators apply quite generally but are evaluated here in the context of the considered steady-state thin boundary layer cross-flow UF in a hollow cylindrical fiber membrane of length L and inner radius R. A more detailed discussion of the process indicators is given in the supplementary information.
The first efficiency indicator in the present list of indicators is the Degree of Concentration Factor, α ≥ 1, defined as the ratio of the particle volume fraction, φ f , in the finally obtained dispersion (retentate) to the feed dispersion volume fraction,
Here, β < 1 is the related so-called Solvent Recovery indicator which, by mass and dispersion volume conservation, is equal to the fraction of initial dispersion volume recovered in the permeate compartment as pure solvent. For fully developed homogeneous parabolic Poiseuille feed flow described by Eqs. (6) and (17), the second indicator is obtained in the supplementary information as
where u m =γR/2 is the feed inflow velocity at the center of the fiber. According to Eq. (57), β is proportional to v w , thus having an explicit 1/γ dependence inherited from u m . Considering the TMP and characteristic shear rate dependence of v w displayed in Fig. 9 , it follows that β increases with increasing ∆P , first linearly for small TMP values and subsequently sub-linearly for larger pressure values. In contrast, β decreases monotonically with increasingγ. Since α increases with increasing β as quantified by Eq. (56), the Degree of Concentration Factor α increases with increasing ∆P and decreases with increasingγ, as expected. Figs. 10(a) and (b) show quantitative results for α as a function of ∆P andγ, respectively, obtained from the similarity scheme solution for concentration-dependent transport properties.
An important indicator for the material cost aspect of a baromembrane separation process is the Productivity per Unit Membrane Area indicator, θ, defined as the dispersion volume flux at the outlet (retentate flux) divided by the membrane area. It can be expressed in terms of α and v w as
We refer to the supplementary information for the derivation of this equation. Note that θ has the physical dimension of a velocity. An alternative definition of the process productivity using the permeate rather than the retentate as the final product is discussed in Ref. [69] . As shown in Fig. 11(a) , θ increases monotonically with increasing ∆P , with a more pronounced upturn for the smaller considered shear rate. Quite interestingly, the behavior of θ as a function ofγ is non-monotonic, with a minimum value at a shear rate that increases with increasing TMP (Fig. 11(b) ). Increasing the shear rate is associated with two opposite trends. The first one is a reduction in the CP layer that results in a decrease of the osmotic pressure opposing the TMP. This leads to a diminution of θ. The second trend is an increase in the feed flow that leads to an increase in the outlet flow, with a correspondingly enlarged indicator θ. At sufficiently low shear rates, the osmotic pressure noticeably compensates the TMP. Therefore, the first noted trend predominates thus lowering the CP layer profile accompanied by a stronger permeate flux and a lower outlet flow. When the shear rate is sufficiently high, the CP layer profile is reduced to such an extent that its further reduction does not substantially affect the permeate flux any more. Hence, the second noted trend leads to an increase in θ with increasingγ.
We now discuss two energy cost indicators. The first one, termed Specific Energy Consumption indicator, ω, is defined as the energy consumed for producing a unit volume of final product. In earlier related works [70] [71] [72] [73] [74] [75] [76] , the final product has been identified with the permeate (for example, with desalinated water in case of desalination studies) whereas the final product is identified here with the retaining dispersion of concentration φ f . Moreover, in earlier works the CP layer has been either completely disregarded or treated in a simplified way using a semiempirical parameter [75] . Considering that basically the whole externally supplied power is consumed for pressing the solvent through the membrane, it is shown in the supplementary information that ω can be expressed as
so that its shear rate dependence is inherited from that of α. Consequently, ω decreases with increasingγ. Moreover, it strongly increases with increasing ∆P , quadratically in the pressure for small applied TMP or high shear rates, and more stronger than linearly but weaker than quadratically for larger TMP values. While the indicators α, θ, and ω discussed thus far favor large values of the applied TMP for optimizing the one-stage cross-flow UF process, this conflicts with the second energy cost indicator considered here, namely the indicator ≤ 1 of Specific Energy Efficiency. This indicator is defined [75] as the ratio of the thermodynamically necessary minimal work per unit volume of final product, ω min , to the energy per volume, ω, in Eq. (59), consumed during the steady-state filtration process,
Explicitly,
is the minimal work per unit volume of retentate required in a adiabatically slow reversible thermodynamic process of isothermally compressing the dispersion from its initial volume V 0 to the final volume V f with the help of a fully particle-retentive non-adsorbing membrane employed as a plunger. We have used the relation V = (4π/3)a 3 N/φ, with N the total number of mobile particles that remains constant during the compression. Note that the minimal work required in the adiabatically slow reverse-osmosis compression is equal to the change in free energy of the system minus the energy required for lowering the number of solvent molecules in the system during the compression. The integral in Eq. (60) can be performed analytically, using the CS Eq. (37) as input for the osmotic pressure Π(φ). The resulting expression for is given in the supplementary information.
The behavior of the Specific Energy Efficiency as a function of TMP and characteristic shear rate is shown in Figs. 12(a) and (b), respectively. As expected, decreases with increasingγ, but different from the earlier discussed indicators, decreases with increasing ∆P . It should be noticed here that while the Degree of Concentration Factor α increases with increasing TMP, the factor α/(1−α) in Eq. (60) decreases. We finally point to the small values of the Specific Energy Efficiency in Fig.  12 . This is due basically to the comparatively large particle hard-core radius a = 10 nm for which the osmotic pressure buildup along the membrane surface is small as described by the size dependence Π ∝ 1/a 3 . 
V. CONCLUSIONS
We have presented the first comprehensive theoretical study of particle permeability effects in the UF of nonionic microgel dispersions modeled as solvent-permeable Brownian spheres. Based on a boundary layer analysis, we have provided a systematic study of inside-out crossflow UF. The CP layer and permeate flux profiles have been calculated using accurate analytic expressions for the concentration-dependent collective diffusion coefficient, D(φ), and zero-frequency viscosity, η(φ), of dispersions of permeable particles. The employed expressions for these transport coefficients are well tested against computer simulation results and experiments [40] . They should be used instead of the substantially less accurate cell model results and the semi-empirical KriegerDougherty and Eilers expressions employed in earlier theoretical UF studies, which have dealt mostly with impermeable colloidal particles and proteins.
We have shown that the concentration dependence both of D and η significantly influences the CP layer, in particular right at the membrane surface, with a correspondingly strong influence on the osmotic pressure profile and therefore on the permeate velocity. The usage of constant values for D and η, if taken in particular for the common situation of low feed volume concentration φ 0 , results in the underestimation of the CP layer structure and hence in the overestimation of the permeate flux. The applicability of the transcendental Eq. (36) for the membrane surface concentration profile, φ w (x), with constant transport coefficients has been discussed (inset in Fig. 5 ). It can be used to generate an arithmetic average concentration profile in good agreement with calculations of φ w (x) for concentration-dependent D and η at non-small distances x from the fiber inlet. Since the numerical solution of the transcendental equation is quick and stable, the arithmetic-average profile can be profitably used, for example, in determining the axial range extending downstream from the inlet wherein the membrane is devoid of a stagnant cake layer [15, 45, 77] .
We have shown that the effect of non-zero microgel permeability is to reduce the particle concentration at the membrane surface with a consequently enlarged permeate velocity. It is worth to emphasize again that our study of permeability effects is relevant not only for nonionic microgels, modeled here hydrodynamically as uniformly permeable spheres, but also for other hydrodynamically structured particles such as core-shell particles with a dry rigid core and an outer permeable polymer brush layer. As pointed out earlier and discussed in Ref. [40] , the reason for this is that even particles with a complicated internal structure are hydrodynamically fully characterized, for quite general conditions, by their hydrodynamic radius.
Various efficiency and cost indicators assessing the steady-state UF process from different technicaleconomical viewpoints have been discussed in dependence of the process parameters and with full account of the CP layer structure. A detailed description of the indicators and their inter-relations is given in the supplementary information. Different indicators favor partially conflicting optimization strategies. For example, while an enlarged TMP leads to a larger Degree of Concentration factor, α, and Productivity per Unit Membrane Area, θ, the price to pay is a reduced Specific Energy Efficiency, . The discussed indicators are of value going beyond the specific permeate-particles cross-flow UF process discussed in the paper. They can be used, for example, to evaluate different optimization strategies employing multistage processes [70] [71] [72] , re-use of free energy accumulated in a filtration process [73] [74] [75] , external electric fields [76] , local production of flow instabilities [78] , and the generation of high shear rates by moving parts [79] . We expect our theoretical work to be useful in future experimental explorations of microgel cross-flow UF. The present paper was focused on identifying and analyzing hydrodynamic effects on UF arising from the particle permeability and concentration-permeability dependencies of D and η, with fouling effects disregarded. The dynamics of cake layer formation by permeable particles can be described using cross-sectional averaged forms of the time-dependent advection-diffusion and stationary momentum balance equations [15, 18, 45, 80] , with the local hydraulic resistance of the cake layer added to the clear membrane resistance R m . In dealing with the UF of microgel dispersions, also particle polydispersity and deformability play a role. The inclusion of polydispersity requires the consideration of collective crossdiffusion coefficients relating the diffusion flux of one component to the local concentration gradient of another one [52, 81, 82] . Moreover, for ionic microgels in polar solvents, the effective particle and membrane surface charges are additional important parameters [68, 83, 84] . As shown in Ref. [1] , while the permeability of ionic microgels is hydrodynamically less influential than that of uncharged ones, due to the longer-ranged electrostatic repulsion, the ionic microgels tend to shrink substantially with increasing concentration in the swollen-state temperature range. Moreover, the softness (single-particle compressibility) of ionic microgels influences the width of the fluid-solid coexistence region, rendering it smaller for stiffer microgels [85] . Thus, the size shrinkage with increasing concentration and the softness of ionic microgels must be included in a realistic modeling of the CP and cake layers. Work by the present authors on filtration modeling of polydisperse and charge-stabilized rigid colloidal particles and soft ionic microgels is in progress.
S-1 SUPPLEMENTARY INFORMATION: PROCESS INDICATORS
We discuss here in more detail the process indicators introduced in Subsec. IV C. These are functions of the adjustable operation parameters and here in particular of the volume fraction, φ 0 , of colloidal particles in the homogeneous feed dispersion. For inside-out cross-flow UF in a hollow cylindrical fiber membrane (see Fig. S1 ) the indicators are obtained from the calculated spatial distributions of the local particle volume fraction, φ(r, z), and the dispersion velocity, v(r, z) = u r (r, z) e r + u z (r, z) e z , (S.1) expressed in cylindrical coordinates, (r, z), with the radial velocity component u r along the unit vector e r and the axial velocity component u z along the unit vector e z . In this global coordinate frame, the velocity components at the inner membrane surface, r = R, are u r (R, z) = u(x, y = 0) and u z (R, z) = v(x, y = 0) = −v w (x) for x = z, where u(x, y) and v(x, y) are the longitudinal and axial velocity components measured, respectively, in the membrane surface anchored local coordinate frame used in our CP layer analysis (see Eq. (7) 
Final product efficiency
The final product is identified in the present work with the retentate dispersion of mean volume concentration φ f , flowing through the outlet cross-section at z = L into a final reservoir. The particle advective flux through the outlet cross-section is S dS φ(r, z)u z (r, L) where S dS = 2π R 0 rdr. Hence, φ f is given by the ratio of the longitudinal particle advective to the longitudinal dispersion volume flux,
where we have neglected the very small longitudinal diffusion flux contribution.
For a steady-state UF process where ∇ · J = 0 is valid according to Eq. (2) and for a fully particle retentive membrane where Eq. (18) applies to, the longitudinal particle fluxes through different fiber cross-sections should be equal. In particular, equal to the fraction of initial dispersion volume recovered in the permeate compartment. Using u r (R, z) = −v w (x) together with Eq. (54) for v w and the cylindrical Pouiseuille flow profile for u z (r, 0), the Eq. (57) for β in the main text is obtained. The logical way of calculating the final product efficiency indicators is to determine first β using Eq. (S.7), with α and φ f determined subsequently using Eq. (S.6).
Productivity per unit membrane area
The indicator of Productivity per Unit Membrane Area, θ, is defined here as the retentate flux divided by the membrane area, 
